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Abstract—This work deals with a frequency-domain
homogenization technique for litz-wire bundles in
transformers. The approach consists in adopting a
frequency-dependent complex reluctivity in the litz-wire
bundles and a frequency-dependent complex impedance
in the electrical circuit. The litz-wire bundles become
homogeneous conductors which are easy to integrate into
a finite element model of a transformer. The magnetic flux
and the impedance of the litz-wire transformer computed
from the homogenized model agree well with the reference
fine model in which each litz-wire turn is finely discretized.
The errors of the computed resistance and inductance
values are less than 3% and 0.03% respectively with several
times faster calculation.
Keywords—litz wire; complex impedance; complex
permeability; high-frequency transformer; skin effect;
proximity effect; homogenization; finite element analysis.
I. INTRODUCTION
Nowadays power converters are able to operate at
higher frequencies thanks to the advent of wide-bandgap
semiconductor devices. Accordingly, litz wire has
become the more important element because it allows
reducing the skin-effect losses at high frequencies thanks
to the small strands connected in parallel as a bundle
instead of using one big strand as shown in Fig. 1.
The applications range from small switched mode power
supplies to high-power solid-state transformers [1].
Although the proper twisting or weaving of the
strands in a litz-wire bundle ensures that the current
flowing in each strand is almost equal, the losses
in litz wire can still be excessively dominated by
proximity-effect losses at the strand level [2]. To
minimize the eddy-current losses in litz wire one may
reduce the diameter of the strand while increasing the
number of strands to maintain the same copper area
for the same current rating, however, at the expense
of increased cost and resistance, and reduced fill factor
[3]. Also the soft-switching algorithms relying on the
inductance of transformers are widely used for power
converters to achieve better efficiency and power density.
This indicates that accurately predicting the impedance of
the litz wire is important. Some analytical formulas have
been published in [4], but they are not always accurate
in some practical cases [5]. On the other hand, finite
element analysis (FEA) allows for higher accuracy as
well as for more modeling flexibility (e.g. including the
creepage distance between each winding).
However, to capture the skin and proximity effect,
the characteristic length of the FE discretization of the
conductors should be at least three times smaller than
the skin depth as a rule of thumb. This amounts to a
huge number of unknowns and prohibitive computational
cost and it is thus not suitable for the design process,
particularly when the number of strands drastically
increases in high-power applications. Thanks to the
homogenization method, a litz-wire bundle is replaced
by a round homogeneous conductor as depicted in Fig.
1, which is easy to integrate into a finite element model
of a transformer.
The objective of this work is to adapt and apply
the homogenization technique in [6], which has proved
successful for multi-turn-winding inductors in [6],[7] to
the impedance characterization of litz-wire transformers.
Although there have been several authors publishing
similar works on this topic, in [8],[9], they focus only on
either square or hexagonally packed conductors, and the
Fig. 1. Micrograph of cross-section of a real 0.1-mm-diameter
200-strand litz-wire bundle with λ = 0.4 (left) being homogenized
with complex, frequency-dependent, fill-factor-dependent reluctivity
and impedance (right).
(a) nlayer = 0 (b) nlayer = 1 (c) nlayer = 2
Fig. 2. Representative model with different number of layers around
the central cell.
method proposed in [5] is not implemented explicitly in
terms of the fill factor of the litz-wire bundle, neither the
skin-effect impedance is included. In this work, these two
types of regular packings are considered and compared.
II. FREQUENCY-DOMAIN CHARACTERIZATION OF
LITZ-WIRE BUNDLES
According to [6], a complete eddy-current effect
characterization of the strand conductors and their
packing inside the litz-wire bundle can be carried out
by means of a representative 2-D FE model consisting
of a central cell and a number of layers nlayer
around, of which the effect will be illustrated in the
following subsection. Fig. 2 shows the representative
models with different number of layers for the case
of hexagonal packing. Each elementary cell comprises
the cross-section of one conductor, where the skin and
proximity effects occur, and the surrounding insulation.
Moreover, with this method, one can choose the
arrangement of these cells depending on the packing.
In general, there are two types of regular packing of
round conductors in a winding: square and hexagonal.
It can be observed in Fig. 1 that the configuration of
the strands inside the bundle is not well organized, but
some parts can be noticed as a hexagonal packing (mostly
in the dense area). It can probably be said that the
practical litz wire is a combination of these two ideal
packing patterns [5]. Initially, in this section, we consider
both of the square and hexagonally packed strands as
the representative model as displayed in Figs. 3 and 4
respectively.
Fig. 3. Representative model of square packed strand conductors
of λ = 0.4 with elementary flux pattern for skin-effect (left) and
proximity-effect (right) at X = 2.
Fig. 4. Representative model of hexagonally packed strand
conductors of λ = 0.4 with elementary flux pattern for skin-effect
(left) and proximity-effect (right) at X = 2.
The frequency-domain 2-D FE calculations in this
paper are carried out using the classical magnetic
vector potential (a−)formulation with complex notation
for the sinusoidal time variation (i is imaginary unit
and the time derivative is replaced by iω). The skin
depth at frequency f or pulsation ω = 2pif is given
by δ =
√
2/(σωµ0), where σ is the conductivity of
the conductors and µ0 H/m their permeability (or ν0
reluctivity). The normalized or reduced frequency X is
defined as:
X = rs/δ =
√
f · rs√piσµ0 (1)
with rs the nominal radius of the litz-wire strand.
Another important parameter for the representative model
is the fill factor of a bundle λ = n(rs/rb)
2 where rb is
the radius of a litz-wire bundle and n the number of
strands in the bundle.
The skin and proximity effects are characterized in
the form of a lumped frequency-dependent complex
impedance Zskin(X) and a frequency-dependent
complex reluctivity νprox(X) respectively by using this
representative model. Thanks to the spatial orthogonality,
the skin and proximity effect are decoupled. The
skin-effect impedance is computed by imposing a unit
current in each wire by means of electrical circuit
equations. The proximity-effect reluctivity is obtained
by imposing a unit average flux density by means of the
following boundary condition [6]:
a(x, y)|∂Ω = yB′x − xB′y (2)
where B′x and B
′
y are the components of the average
magnetic flux density vector in the domain Ω. Figs. 3
and 4 show the resultant flux lines in the square- and
hexagonal-packing representative models excited by the
explained procedure. Subsequently the complex power
absorbed by the central cell is computed from
S = P + iQ =
l
2
ˆ
Ωcentral
(j2/σ + iωb2/µ0) dΩ (3)
where P and Q are the active and reactive powers
respectively, j2 and b2 the r.m.s.-value squared of the
current density and flux density respectively and l the
length along the third dimension (z-axis). The skin-effect
frequency-dependent impedance can be written in terms
of the dimensionless coefficients pI and qI as [6]
Zskin = pI(X)Rdc + iωqI(X)
µ0l
8piλ
= Rdc
(
pI(X) + iqI(X)
X2
4λ
)
(4)
where Rdc = l/(σpir
2
s) is the DC resistance of the
conductor and µ0l/(8pi) the internal DC inductance of
a round conductor with length l. Thus the coefficients
pI and qI follow directly from P and Q values
respectively. Analogously, for the proximity-effect, the
frequency-dependent complex reluctivity can be written
in terms of the dimensionless coefficients pB and qB as
νprox = ν0qB(X) + ipB(X)
1
4
λσr2sω
= ν0
(
qB(X) + ipB(X)
λX2
4
)
(5)
where the factor λσr2sω/4 follows from the analytical
expression for low-frequency proximity losses in a round
conductor [8].
A. The effect of the number of layers nlayer
To examine the effect of the number of layers
nlayer on the precision of the skin- and proximity-effect
coefficients, we compute the coefficients from the
representative model with nlayer = 0, 1, 2 for both square
and hexagonally packed round conductors and different
values of fill factor λ.
According to Fig. 5, the precision of the computed
coefficients from using nlayer = 1, 2 is good. However
the deviation of the skin-effect coefficient qI can be
clearly seen when using nlayer = 0 at low frequencies
for both kinds of packing. The deviations are up to 4%
and 15% relative to the values when using nlayer = 1
in hexagonal-packing and square-packing respectively
whereas for the case nlayer = 2 they are only up to 0.5%
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Fig. 5. Defined coefficients (pI , pB in black and qI , qB in
red) obtained with the hexagonal- and square-packing representative
models for different numbers of the layers around the central cell
nlayer and different fill factors λ.
and 1.7% relative to the values when using nlayer = 1.
At higher frequencies and high fill factors, the deviations
of pB and qB of nlayer = 0 become more clearer. The
deviations of those are up to 1% and 3% relative to
the values when using nlayer = 1 in hexagonal-packing
and square-packing respectively whereas for the case
nlayer = 2 the deviations are negligible. Hereinafter, the
coefficients of the representative model with nlayer = 1
will be used.
B. The effect of the packing pattern
For convenience, the skin- and proximity-effect
coffcients for homogenization are obtained from the
regular-packing representative model: either square or
hexagonal. In this section, we study the effect of the
packing pattern on these coefficients with nlayer = 1.
Fig. 6 shows the results of the defined coefficients
versus reduced frequency for different fill factors λ. The
skin-effect losses and the corresponding coefficient are
practically independent of the fill factor λ and when the
frequency is sufficiently low, i.e. X → 0, the coefficients
pI and qB , corresponding to the low-frequency values
Rdc and ν0, tend to 1 as expected.
Fig. 6 also shows that in this range of reduced
frequency, in which litz wire is commonly used, the
difference of cell packing does not cause significant
difference in effective complex reluctivity and impedance
of a litz-wire bundle at the same fill factor. There are
some discrepancies in qI particularly at high fill factors.
The errors is up to 6% at λ = 0.6 relative to the
values from hexagonal-packing model. Nevertheless, the
reactive power corresponding to this skin-effect term
is usually negligible compared to one corresponding to
proximity-effect term in multi-winding applications [6].
Hereinafter, the coefficients of the hexagonally packed
conductors will be used.
III. APPLICATION TO LITZ-WIRE TRANSFORMER
WINDING
To validate the homogenization approach, the
homogenized model is used to compute the impedances
of a transformer with litz-wire windings compared with
the results computed with the model which is finely
discretized as a reference.
The 2-D FE calculations are performed with the
open-source programs Gmsh [10] and GetDP [11]. The
transformer has translational symmetry along z-axis
(into the page). The primary winding has 4 turns of
litz-wire bundles (200 strands, rs = 0.2mm, λ =
0.43, Rdc = 0.66mΩ). It is sandwiched by 12 turns
of series-connected secondary litz-wire bundles (100
strands, rs = 0.2mm, λ = 0.63, Rdc = 3.9mΩ). The
current in each strand is assumed to be equal. Also
the core is assumed to be linear and lossless (relative
permeability = 1800).
The homogenization method will be applied to the
litz-wire bundles using the Zskin and νprox in (4) and
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Fig. 6. Defined coefficients (pI , pB in black and qI , qB in red)
obtained with square packing (markers) and hexagonal packing (lines)
representative models with nlayer = 1 for different fill factors λ.
(5) based on the computed coefficients. Each litz-wire
bundle becomes a homogeneous conductor with the same
diameter as the bundle in which the current density
is uniform as shown in Fig. 7. A fine actual model
containg small strands for validation is drawn based on
the results for circle packing in [12]. To emphasize the
benefit of the homogenized model, each of the strands
inside the litz-wire bundles is finely discretized in the
fine model, leading to a total of 413,600 real unknowns
at X = 2 (f = 2.32MHz), whereas the discretization of
the litz-wire bundles is much coarser in the homogenized
model, resulting in 16 times less unknowns, viz 25,370.
A. General transformer model in the frequency domain
In the frequency domain, the relation between the
terminal phasor voltages v1 and v2 and the terminal
phasor currents i1 and i2 for a two-winding transformer
reads [13]:
v1 = (iωL1 +R1)i1 + (iωM +RM )i2
v2 = (iωM +RM )i1 + (iωL2 +M)i2
}
(6)
where L1, L2 andM are the self- and mutual inductances
of the windings respectively, and R1, R2 and RM the
self- and mutual resistances respectively.
The computation of self-impedance is done by
exciting only either primary or secondary winding. The
(a) Fine model (b) Homogenized model
Fig. 7. 2D model of the transformer showing the flux lines when
only either secondary or primary winding is excited at X = 2.
(a) Fine model (b) Homogenized model
Fig. 8. Flux lines when the secondary and the primary currents
induce the flux in the magnetic core in the opposite direction and its
ratio equals to the turn ratio, at X = 2.
computation of mutal-impedance is done by exciting the
primary and secondary windings such that the ratio of
the currents is turn-ratio but opposite direction. These
parameters can be calculated from the following sets
of formulas where k is conventionally chosen to be the
turn-ratio (the ratio between the numbers of primary and
secondary turns):
L1 =
2Q
i1i∗1
∣∣∣∣
i2=0
(7)
R1 =
2P
i1i∗1
∣∣∣∣
i2=0
(8)
L2 =
2Q
i2i∗2
∣∣∣∣
i1=0
(9)
R2 =
2P
i2i∗2
∣∣∣∣
i1=0
(10)
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Fig. 9. Magnetic flux density in the winding window along the
dashed-line in Fig. 8 at X = 2 (f = 2.32MHz).
M =
1
2k
(
L1 + k
2L2 − 2Q
i1i∗1
)∣∣∣∣
i2=−ki1
(11)
RM =
1
2k
(
R1 + k
2R2 − 2P
i1i∗1
)∣∣∣∣
i2=−ki1
(12)
B. Results
The transformer windings in the model are
excited correspondingly to (7)-(12) to characterize
the impedance. Some computed flux lines at X = 2
(f = 2.32MHz) are shown in Figs. 7 and 8 for both
cases in both fine and homogenized models. In Fig.
7, the flux lines mainly reside in the core when either
primary or secondary winding is excited (open-circuit
condition). However, when the windings are excited
in opposite direction and the ratio of the currents is
turn-ratio (short-circuit condition), there is little flux in
the core and flux lines in the winding window become
more significant as displayed in Fig 8.
Fig. 9 shows the horizontal and vertical components
of the complex magnetic flux density along the horizontal
dashed line in the winding window in Fig. 8. The flux
density obtained with the fine model clearly shows the
fluctuation due to the individual conductors located on
the line or adjacent to it, whereas the homogenized model
does not provide these details. Also it can be seen that
the 2-D magnetic field is present in the winding region,
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Fig. 10. Self- and mutual normalized resistances (semilog-axis) and inductances (linear-axis) of the transformer versus reduced frequency X
obtained with fine and homogenized models. The inductances are displayed in high-zoom level to show the frequency-dependence. Note that
the mutual resistance is normalized by the geometric mean of the DC resistances of the primary and secondary windings.
particularly inside the litz-wire bundle, which is difficult
to observe without FEA.
The impedances of the transformer are calculated
from (7)-(12) via the complex power in (3). However,
for the homogenized model, this is done using Zskin
and νprox rather than directly using (3). Fig. 10 shows
the values of the resistance and the inductance from
X = 0 to X = 2. The impedances obtained with
the fine model and with the homogenized model are
in excellent agreement. The error is less than 3% for
resistance values. Although some offset errors might be
seen in the inductance values, the scale level is highly
zoomed and the error is less than 0.03%.
Furthermore, the increase of resistance and the slight
reduction of inductance values when the frequency
increases can be observed. This also illustrates the
significance of mutual resistance at high frequencies.
Even though from Fig. 9, the homogenized model cannot
capture the fluctuation of the flux occurring in the fine
model, the global values of the impedances are still
correct. This obviously indicates that the homogenized
model can represent the fine model of the transformer
with less computational effort. This proves useful for the
applications where the global results are important such
as for evaluating the winding losses and for determining
the inductance values to be incorporated in circuit
simulators.
IV. CONCLUSION
A litz-wire bundle has been homogenized with the
usage of a frequency-dependent complex reluctivity and
a frequency-dependent complex impedance. The process
has been done with the simple representative model. The
results has been shown that the packing of the strands
inside the bundle is not significant; only the fill factor
is. As application test case a transformer with litz-wire
windings has been considered. The global magnetic flux
density and the impedance of the transformer calculated
from the homogenized model agree excellently with the
reference fine model in which each litz-wire bundle is
finely discretized. The errors of the calculated resistance
and inductance values are less than 3% and 0.03%
respectively with several times faster calculation. This
enables efficient 2-D FE model for characterizing the
impedance of the litz-wire-based magnetic devices which
is able to assist in the design process and circuit
simulation.
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